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Abstract. We evaluate a rigid analytical analogue of the Beilinson-Bloch-Deligne 
regulator on certain explicit elements in the K2 of Drinfeld modular curves, con- 
structed from analogues of modular units, and relate its value to special values of 
L-series using the Rankin-Selberg method. 



1. Introduction 

Motivation 1.1. In the paper [10] which is now classical B. Gross formulated a 
generalization of his original p-adic analogue of Stark's conjecture in a form which 
makes good sense both over number fields and function fields. This conjecture was 
proved by D. Hayes for function fields in [12]. In this paper Hayes gave an explicit 
rigid analytical construction of Stark units and expressed them in terms of special 
values of i-functions using this explicit construction. This paper is part of the 
project to formulate and prove results which generalize Hayes's theorem the same 
way as Beilinson's conjectures generalize Stark's. In a previous paper ([22]) we 
constructed a rigid analytical regulator analogous to the classical Beilinson-Bloch- 
Deligne regulator refining the tame regulator in case of Mumford curves. In our 
current work we express the value of this regulator on certain explicit elements of 
the K2 group of Drinfeld modular curves, which are analogues of A. Beilinson's 
construction using modular units, in terms of special values of i-functions. Using 
the function field analogue of the Shimura-Taniyama-Weil conjecture we derive a 
formula for every elliptic curve defined over the rational function field of transcen- 
dence degree one a finite field having split multiplicative reduction at the point at 
infinity analogous to the classical theorem of Beilinson on the K2 of elliptic curves 
defined over the rational number field. 

In the rest of this introductory chapter we first describe the rigid analytic regu- 
lator for Tate elliptic curves then define the 00-adic L-function of elliptic curves of 
the type mentioned above and formulate our main theorem. 

Notation 1.2. Let Foo be a field complete with respect to a discrete valuation 
and let Ooo be its valuation ring. There is a canonical way to extend the absolute 
value of Foo induced by its valuation to its algebraic closure. Let Coo denote the 
completion of the algebraic closure of Fq^ with respect to this absolute value and 
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lot I • I denote the absolute value induced by the completion process. Let |Coo| 
denote the set of values of the latter. Let denote the projective line over Coo- 
We call a set f C an open disc if it is the image of the set {z G CooH^I < 1} 
under a Mobius transformation. Recall that a subset U of P^ is a connected rational 
subdomain, if it is non-empty and it is the complement of the union of finitely many 
pair-wise disjoint open discs. Let dU denote the set of these complementary open 
discs. Let 0{U) and 0*{U) denote the algebra of holomorphic functions on U and 
the group of invertible elements of this algebra, respectively. For each / G 0{U) 
let 11/11 denote sup^g^ This is a finite number, and makes 0{U) a Banach 

algebra over Coo- The latter is the closure of the subalgebra of restrictions of 
rational functions with respect to the supremum norm || • || by definition. For every 
real number < e < 1 we define the sets Oe{U) = {/ G 0{U)\\\1 - f\\ < e}, and 
= {z G Coo||l — z\ < e}. Recall that a function / : — *■ Coo is holomorphic if 
its restriction /I;/ is holomorphic for every connected rational subdomain U C C^. 
For every x G and every pair of rational non-zero functions /, g £ Coo((t)) on 
the projective line let {f,g}x denote the tame symbol of the pair (/, .g) at x. Let 
M{Clc) denote the field of meromorphic functions of C^. For every field L let 
K2{L) denote the Milnor of the field L. Finally for every x € Coo and positive 
number p £ |Coo| D{x,p) denote the open disc {z G CooH^^ — a;| < p}. The 
following result is an immediate consequence of the results of [22]. 

Theorem 1.3. For every < r G |Coo| there is a unique homomorphism: 

{■}r : MM{Cl,)) ^ C^ 
with the following properties: 

{i) for every pair of rational functions f,g& A^(C^)* we have: 

{f^g}r= n if'dU 

(ii) for every real number < e < 1 and functions f G Al(C^) H Oc{U) and 
g G A^(C^) n 0*(U) we have {f,g}r G l^e where U is a connected rational 
subdomain U C such that D{0,r) G dU. □ 

Notation 1.4. For every field K, for any variety V defined over K and for any 

extension L oi K let Vl denote the base change of V to L. For every field K and 
regular irreducible projective curve C defined over K let J'{C) denote the function 
field of the curve C over K . For every closed point a; of C there is a tame symbol 
at X which is a homomorphism from K2{T{C)) into the multiplicative group of the 
residue field at x. We define the group K2{C) as the intersection of the kernels 
of all tame symbols. (In this paper we will sometimes use the somewhat incorrect 
notation K2{X) to denote _ff^(X, Z(2)) for various types of spaces X as the latter 
is rather awkward.) Let E be an elliptic curve defined over ^oo which has a rigid- 
analytic Tate uniformization over Fao- The latter is equivalent to the property 
that the special fiber of the Neron model of E over the spectrum of Ooo is split 
multiplicative. Let : CJ^ E{Coq) be the Tate uniformization (over Coo)- The 
latter induces a homomorphism 

by pull-back which in turn induces a homomorphism K2{T{Ep^)) K2{M.{C^)) 
which will be denoted by the same symbol by slight abuse of notation. 
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Proposition 1.5. For every k e K2[Ef^) and < r e |Coo| we have {6*{k)}r G 

and the latter is independent of the choice of r. □ 

Let {•} : K2{Ep^) F^ denote the homomorphism defined by the common 
value of the regulators {d*{-)}r- 

Definition 1.6. For every field K let K denote its separable closure. Let F de- 
note the function field of X, where the latter is a geometrically connected smooth 
projective curve defined over the finite field Fg of characteristic p. Fix a closed 
point 00 of the curve X and let E be an elliptic curve defined over F which has 
split multiplicative reduction at oo. For every closed point x oi X let deg(a;) and 
Lx{E,t) denote the degree of x and the local factor of the Hasse-Weil L-function 
of E at X, respectively. The latter is an element of e Let ?/^^(a;") e Z denote 

the unique number such that 

oo 

L,{E,t) = ^rE{x")t"'''"'^'''>. 

n=0 

Let if be a number field and let A denote its ring of integers. Let x '■ Gal{F\F) 
K* be a if-valued one-dimensional Galois representation of F which has finite 
image. Note that x is automatically almost everywhere unramificd and its image 
lies in A*. Let F denote the quotient of Gal(F|F) by the kernel of x- Assume that 
X splits at 00 and let m be an effective divisor whose support does not contain oo 
and the conductor of x ^^id E divides m and moo, respectively. (Note that such an 
m exists because we assumed that E has split multiplicative reduction at oo.) For 
every Galois group G of a finite abelian extension of F and for every closed point 
X of X where G is unramified let <f>'^ denote the image of a geometric Frobenius at 
X in G. The element (j)'^ G G is well-defined as G is abelian. Assume now that G is 
the Galois group of a finite abelian extension of F which only ramifies at oo. We 
define the L-function C^{E,x,t) as the Euler product: 

cZ{E,x,t) = n ( E V'^(^")x(0D(€)"i"''^^^"M e A[G][M], 

xfsupp{moo) \n=0 / 

where supp{d) denotes the support of any effective divisor 5 on X. The infinite 
product C^{E,x,t) is well-defined, as the constant term of every factor appearing 
in the product is 1, and there are only finitely many factors with a term of degree 
less than m for any positive integer m. Actually even more is true: 

Proposition 1.7. The power series C'^{E,x,t) is an elem,ent of A[G][t]. 

Definition 1.8. An important consequence of the proposition above is that the 
polynomial C^{E, x, t) can be evaluated at 1, i.e. the element C^{E, x, 1) G A[G] is 
well-defined. Let G^ denote the Galois group of the maximal abelian extension of 
F unramified at every closed point x of X different from oo. It is a profinite group. 
Also note that if H denotes the Galois group of the maximal abelian extension of F 
unramified at every closed point x of X and totally split at oo, then the kernel of the 
natural projection Gqo H is canonically isomorphic to the profinite completion 
of F^/¥*, the multiplicative group of the completion Foo of F with with respect to 
the valuation at oo divided out by the multiplicative group of the constant field of 
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X . (Note that this notation is compatible with what we have introduced in 1.2 and 
1.4.) For any ring R and abelian profinite group M let -R[[-M]] denote the i?-dual 
of the ring of continuous functions f : M ^ R, where / is continuous with respect 
to tlic discrete topology on R and the KruU topology on M. The ring i?[[M]] is 
also the projective limit of i?-coefficient group rings of the finite quotients of M. 
The elements £^{E,x,i) satisfy the obvious compatibility, so their limit defines 
an element Cm{E,x) in ^[[Goo]], which wc will call the oo-adic L-function of E 
twisted with %• For every M as above let Im < ^[[M]] denote the kernel of the 
natural augmentation map A[[M]] ^ A. We will usually drop the subscript M to 
ease notation. It is known that the group Im/Im is naturally isomorphic to M(g) A. 
Finally let 6*' G ® A denote the class of any 9 G Im Im/Im ■ 

Proposition 1.9. We have £m{E, x) G / and £m{E, xY S i^^/F* ® A. 

Let L denote the Galois extension of F whose Galois group is F. By our assump- 
tions the field L has an imbedding into Foe which extends the canonical inclusion 
F C Fao- Fix once and for all such an imbedding. By slight abuse of notation let 
{•} : K2{El) ® K —* F^ (g) K denote also the composition of the homomorphism 
K^iEi) (8 K — > K^iEp^ ) (g) K induced by the imbedding above and the unique K- 
lincar extension of the homomorphism {•}. Assume that F — Vq{T) is the rational 
function field of transcendence degree one over Fg, where T is an indeterminate, 
and oo is the point at infinity on X = Pp^ . Also assume that x is non-trivial. Now 
we are able to state our main result: 

Theorem 1.10. There is an element ke{x) G K2{El) <S: K such that 
{ke{x)} = L{E, q-^)jCm{E, x)' in F^, ® K. 

It is easy to deduce that the valuation of Cm{E, xY with respect to oo i8) idx is 
equal to —Lm{E, x, 1) from the interpolation property. (For the explanation of this 
notation see the next chapter.) Deligne's purity theorem implies that the latter 
is non-zero under mild, purely local conditions on x and m. If the special value 
L{E, q~^) also happens to be non-zero we get that the element ke{x) G K2{Ei,)®K 
is not torsion hence our main result is non- vacuous. 

Contents 1.11. In the next chapter we prove the basic properties of the L-function 
Cxa{E,x) by simple cohomological means. We introduce our mail tool, which we 
call double Eisenstein series, in the third chapter. They are really analogous to the 
product of two Eisenstein scries in the classical setting, but they cannot bo written 
as such due to the lack of logarithm in positive characteristic. Here wc also establish 
their basic properties, among them Proposition 3.5, which is analogous to analytic 
continuation. The link between double Eisenstein series and the rigid analytic 
regulator of elements in analogous to Beilinson's construction is provided by the 
Krokecker limit formula 4.10 of the fourth chapter. The fifth chapter is somewhat 
technical: it identifies function field analogues of modular xmiia with the rigid 
analytic functions appearing in the previous chapter and studies the action of the 
Hecke algebra on the source and target groups of the rigid analytic regulator. We 
execute the principal calculation of the paper in the sixth chapter. Perhaps the 
crucial reason why the Rankin-Selberg computation can be carried out is that the 
double Eisenstein series do become a product of two series after the first step of 
the calculation. In the seventh chapter we use the function field analogue of the 
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Shimura-Taniyama-Weil conjecture as well as its explicit description due to Gekeler 
and Reversat to conclude the proof of our main result. The aim of the last chapter 
is to prove a useful lemma on the action of correspondences on motivic cohomology 
groups which is used in the fifth chapter. 

Acknowledgment 1.12. I wish to thank the CRM and the IHES for their warm 
hospitality and the pleasant environment they created for productive research, 
where this article was written. 

2. The oo-adic _L-functions of elliptic curves 

Definition 2.1. Note that for a finite group G we have A[[G]] = A[G] naturally. 
Let M be an abelian profinite group, let H he b. finite quotient of M and let K 
denote the kernel of the quotient map M H. Wc let iff denote the ideal of the 
quotient map A[[M]] A[iJ]. It is obvious that the augmentation ideal / = I^ly 

and iff C / for any H. 

Lemma 2.2. We have 6' e K A for any 6 e iff . 

Proof. The same as the proof of Lemma 3.9 of [21] whose claim is just slightly 
different. □ 

Notation 2.3. Let E be an elliptic curve defined over F which has split multi- 
plicative reduction at oo as in the introduction whose notation we are going to use 
without further notice. Let G be the Galois group of a finite abelian extension of 
F which only ramifies at oo and let II{G) denote the maximal quotient of G such 
that the corresponding abelian extension of F is unramified at every closed point 
a; of X and totally split at oo. 

Proposition 2.4. The following holds: 

{i) the power series £^{E,x,t) is an element of A[G\[t], 
(ii) we have C^{E,x, 1) e Ih(^g)- 

Proof. Let I be a prime different from p. The Gal(F|F)-module H^{Ep,Qi) is 
absolutely irreducible because the curve E is not isotrivial. Let p denote the cor- 
responding l-adic Galois representation. For every character (/) : G — > Q; let the 
same symbol denote the corresponding homomorphism Q;[G][[t]] Qi[[t\] and the 
corresponding Z-adic Galois representation by the usual abuse of notation. For ev- 
ery Z-adic Galois representation ijj which is unramified at almost all closed points 
of X will use the same symbol to denote the constructible Z-adic sheaf on X which 
is the direct image of with respect to the generic point Spcc(J^) X. Fix 
an imbedding of K into Q;. This way the Galois representation x becomes an 
Z-adic representation, too. The series jC^{E,x,t) G QJ[t]] is characterized by the 
property: 

(biCZiE, X, t)) - £(X(m^), p x^, t) 

for every character (f) : G ^ Qi where where X{'0) denotes complement of the 
support of any effective divisor in X and L{U,ip,t) denotes the Grothendieck 
i-function of any constructible /-adic sheaf -0 on a variety U over Fg. The l- 
adic Galois representation p ® x4' is absolutely irreducible, therefore the twisted 
L-function L(X(moo), xt/), t) is a polynomial for every character ^ : G ^ Qi by 
the Grothendieck- Verdier formula. Hence so does C^{E,x,t) as claim (i) says. For 
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every character 4> : H{G) Q; let the same symbol denote the composition of the 
quotient map G H{G) and the character cf) as well. In this case the restriction of 
the /-adic Galois representation corresponding to to the decomposition group at oo 
is trivial. The same holds for x by assumption. Moreover E has split multiplicative 
reduction at oo so we have: 

<j>{C'i{E, X, t)) = (1 - t<i'^s(°°))L(X(m), p ® x0, t) 

for every such character. As the twisted L-function L{X{m),p (8) X^t^^t) is a poly- 
nomial by the Grothendieck-Verdier formula, we have 4'(C^^{E, x, 1)) = for every 
such character as well. The latter is equivalent to the property that jCm {E, X: 1) 
is zero as claim {ii) says. □ 

As we explained in Definition 1.8 part (i) of the proposition above implies that 
the object £n,(£J, x) is well-defined. For every group M let M denote its profinite 

completion and let oo : /¥* ^A^A^Z^A denote the profinite completion 
of the valuation oo as well. The following proposition takes care of Proposition 1.9 
and the remark after Theorem 1.10. For the sake of simple notation let Lm{E, x, t) 

denote L{X(m),p (g> x, t). 

Proposition 2.5. The following holds: 

(i) we have C^{E,x) e I and £^^(^;,x)' e i^^/F* ® A. 
{ii) we have oo(£m(E,x)') = -im(-E,x, !)• 



Proof. The first half of claim (i) and the fact that Lm{E, x)' € -F<i,/F* ® A follows 
at once from claim {ii) of Proposition 2.4 and Lemma 2.2 by taking the limit. On 

the hand note that F^/F*(g)A is the pre-image of A with respect to oo in F^/F*(8)A 
hence the second half of claim {i) is an immediate consequence of claim {ii). Now 
we only have to show the latter. The profinite group Goo surjects onto the Galois 
group of the maximal constant field extension of F which is isomorphic to Z. This 
induces a surjection A[[G'oo]] A[[Z]]. The choice of a topological generator of 
Z, or equivalently the choice of a system of generators of the finite quotients of Z 
compatible with the projections furnishes an injection A[t] — > A[[Z]] such that the 
image of t is the generator. In case of the natural choice of the global geometric 
Frobenius as a topological generator, the image (j^x of a geometric Frobenius at x in 
Goo maps to for every closed point x on X under the map above. Hence the 

image oi Cm{E, x) under this map is Lm{E, x, t) = {l—t'^'^'^'-°°'')Lm{E, x, t) as we saw 
in the proof of Proposition 2.4. The ideal / < A[[Goo]] maps into the augmentation 
ideal J < A[[Z]] corresponding to the trivial quotient of Z, and the induced map 
I/P J/J^ is the tensor product of the surjection Goo ^ Z introduced above 
and the identity of A. Since the intersection J fi A[t] is the ideal generated by 
t — 1, the image of £m{E,xy under the map I/P — *■ J/J^ is just the derivative 
L{E, 1)' e A c A. On the other hand the restriction of the surjection Goo — > Z to 
F^ is deg(oo) times the valuation map oo : F^ — > Z, so: 



deg(oo)^(/:„(i?,x)') = ((l-^'*°s(°^))Ln^(^^,x,^))' 



■deg(oo)Ln,(i;,x,l) 



t=i 



as we claimed. □ 
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3. Double Eisenstein series 



Notation 3.1. Let \X\, A, O denote set of closed points of X, the ring of adeles 
of F and its maximal compact subring of A, respectively. As in the introduction 
we will fix a closed point oo in the set \X\. For every divisor m of X let m also 
denote the C-modulc in the ring A generated by the ideles whose divisor is m, 
by abuse of notation. For every idele m € A* let the same symbol also denote 
the divisor of m if this notation does not cause confusion. For any closed point 

V in |X| we will let Fy, iy and Oy denote the corresponding completion of F, its 
constant field, and its discrete valuation ring, respectively. For every v e \X\ let 

V : F* ^ Z denote the valuation normalized such that v{'jTv) = deg(u) for every 
uniformizer tTv G Fy. For any idele, adele, adele- valued matrix or function defined 
on the above which decomposes as an infinite product of functions defined on the 
individual components the subscript v will denote the v-th component. Let Af, Of 
denote the restricted direct product Ils^^oo -^a: and the direct product IlK^^too^a:' 
respectively. The former is also called the ring of finite adeles of F and the latter is 
its maximal compact subring. For every g G GL2{A.) (or g G A, etc.) let gf denote 
its finite component in GL2{Af). We will consider A^ as well as F* (for every 
place V € \X\) as a subgroup of A* in the natural way. Similarly we will consider 
Af and F„ as a subring of A and GL2{A) and GL2{Fy) as a subgroup of GL2{A). 
Let I • I denote the normalized absolute value on the ring A and for any idele or 
divisor y let dcg(j/) denote its degree related to the normalized absolute value by 
the formula \y\ = ^^'^s(y') , In accordance with our convention | • | will denote the 
absolute value with respect to oo if its argument is in F^o- For each (u,v) G F^ 
let |1(m,w)|1, oo{u,v) denote max(|M|, |w|) and min(oo(i6), oo(w)), respectively. Let Z 
denote the center of the group scheme GL2, let 



for every effective divisor m where / is the identity matrix. We will adopt the 
convention which assigns or 1 as value to the empty sum or product, respectively. 

Definition 3.2. Let F^ denote the set: F^ = {{a,b) G -F<^||a| < Let m 

be an effective divisor on X whose support does not contain 00. Let the same 
symbol also denote the ideal mfl O/ by abuse of notation. For every g G GL2{A), 
{a, 13) G (0//m)^, and n integer let 




be the Iwahori subgroup of GL2{F^) and let 



K(m) = {ge GL2{0)\g = I mod m} 



Wm{a,(3,g,n) 
Vm{a,/3,g,n) 
Um{oc,P,g,n) 



{0 / / G F^lfgf G (a,/3) + mOj, -n = oo(/5oo)}, 
{/ e Wm{a,l3,g,n)\fgoo G F^} and 
Wm{a,P,g,n) - Vm{a,P,g,n). 



Also let 



Wm{a,(3,gf) 



y Wm{a,P,g,n) 
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Um{oi,P,g) = [J Um{a,(3,g,n) and Vm{a,(3,g) = [j Vm{a,p,g,n). 

nGZ nGZ 

Obviously the first set is well-defined. For every finite quotient G of F*\A*/OJ 
let ■'^ : A* ^ G denote the quotient map. Let E^{a,P,^,d,g,x,y) denote the 
Z[G] [[x, y]] {x~^, y~-^)-valued function 

E^{a,P,j,5,g,x,y) = 

Vdet/^" 2oo((a,fe)g«.) cx>(2(c,d)g„.) 

(™)deg(det(9)) "^M c d i 

^ (a,b)e(7m(a,/3,3)^ ^ °° 

(c,d)Gym(7,<5,s) 

for every g G GL2{A), variables x, y, and pairs {a, (3) and (7,(5) as above. In order 
to see that this function is indeed well-defined first note that 

(c rf) = (cj d\) ■ = ("I'^i - ^i^i) ■ 'iet(5oo)-' 

is non-zero where (ai,6i) = (a, 6)300 and (ci,(ii) = {c,d)goc because |ai| > and 
|ci| < by the definition of the sets Um{a,j3,g) and 1^(7,(5, 5) therefore 

\aidi - 61C1I = \aidi \ ^ 0. 

Hence the terms of the infinite sum above are defined. The sum itself is well- 
defined and Z[G][[a;,i/]](a;~^,t/~-^)-valued as the cardinality of the sets Um{a,(3,g) 
and Vm (7, S, g) are finite for all n and zero for n sufficiently small. 

Proposition 3.3. The following holds: 

(i) the function E^{a, /3,'y,6,g,x,y) is left-invariant with respect to GL2{F) 

and right-invariant with respect to K(moo)roo^(-Foo)- 
{ii) the C[G]-valued infinite sum E^{a, f3, J, 6, g^q^" ,q^'') converges absolutely, 
i/Re(s) > 1 and Re(f) > 1, for every g. 

Proof. We are going to prove claim (i) first. Since for every p G GL2{F) and 
n G Z we have: 

Um{a,l3,pg,n) = Um{a,(3,g,n)p~'^ and Vm{'y,6, pg,n) = Vm{'y,6,g,n)p~'^, 
we get that 

/.G, . , ^ detjpff detjgj'f 

^mV^^P^1^0^P9,X,y) — j-^^-jdeg(det(p))-|-deg(det(g)) 

■J2 dot[" ^'\det(p^i)<^a;2°°((«'^)^"Vs~)y2cx>(M)^-V5~) 

(c,d)ey„(7,5,g) 

= E^{a,P,'y,S,g,x,y), 

because det(p^^) e F* and deg(det(p)) = as the degree of every principal divisor 
is zero. On the other hand for every A G GL2{Foo) the set {/ G F^\f\ G F\} is 
obviously left invariant by TooZ{Foo) hence 

Um{a,(3,gp) = Um{a,0,g) and Vm{'y, S,gp) = Vm{'y,5,g) 
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for every p G K(moo)roo^(-F'oo) and g e GL2{A). Therefore 

„ det(p7i)Gdet(ff7i)G 

E^{a,P,^, S, gp, x,y)- 



(a;y)'^'*s(det(^))+deg(det(g)) 



a 



,2oo((a,6)goo)+oo(det(z)), 2oo((c,d)goo)+oo(det(z)) 



^ dot [ A 



(a,6)eC/„(a,/3,g) 
(c,d)ey,„(7,'5,3) 

where p = kz with k G K(moo)roo and z € Z{F^) because Kqo is an isometry with 
respect to the norm || ■ ||, deg(det(K;)) = and det(«;/)'^ = 1 by definition. Our 
proof of claim (ii) is the same as the argument that may be found in [20]. The 
coefficient of each element of G in the series E^{a, (3, 7, 6, g, g"", q~*) is majorated 
by the product E(g, s)E{g, t) where: 



E{g,s) = \det{g)\^ ^ UfgUl 



■2s 



/GF^-fO} 

fgeoj 

so it will be sufficient to prove that E{g, s) converges absolutely for each g e GL2{A) 
if Re(s) > 1. For every g e GL2(A) let £{g) denote the sheaf on X whose group of 
sections is for every open subset U C X is 

£ig){U) = {f eF'\fgeOlVve\U\}, 

where we denote the set of closed points of f/ by |J7|. The sheaf £{g) is a coherent 
locally free sheaf of rank two. If J^n denote the sheaf J^(^0 xioo)"^ for every coherent 
sheaf on X and integer n, then for every g e GL2{A) and s e C the series above 
can be rewritten as 

E{g,s) = J2 \H\X,£{g)„)-H\X,£{g)„_^)\q-^''-^^'(<^^-). 

Tiez 

By the Riemann-Roch theorem for curves: 

6xmH°{X,r) - dim H°{X,Kx ®T"') = 2- 2g{X) + deg{J^) 

for any coherent locally free sheaf of rank two on X, where Kx: and g{X) 
is the canonical bundle on X, the dual of J^, and the genus of X, respectively. 
Because dimiJ°(X, = for n sufficiently large depending on J^, we have that 

|i?°(X,f(g)„)| =g2-25(X)+deg(f(s))+2ndeg(oo) \H° {X, £{g) _^)\ = 1, 

if n is a sufficiently large positive number. Hence 

00 

E{g,s) =piq^''') + g2-2g(X)+(l-s)deg(£(9))^-^ _ ^- dog(oo) ^ ^ ^2«(l-s) deg(cx>) ^ 

n=0 

where p is a polynomial. The claim now follows from the convergence of the geo- 
metric series. □ 
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Definition 3.4. For every abeliau group Af and for every finite set S let M[S] 
and M[5]o denote tlie group of functions f : S ^ M and its subgroup consisting 
of functions f & M[iS] with the property 

aes 

respectively. Let Vm denote the set (Of/m)^ — {0, 0} and for every C € i?[Vm] and 
D e i?[Vm] let E^{C,D,g,x,y) denote the function: 

E^{C,D,g,x,y)= ^ C{a,p)D{j,S)E^{a,p,j,6,g,x,y), 

(a,/3)eV„ 
(7,'5)eV„ 

where i? D Z is an arbitrary commutative ring. 

Proposition 3.5. For every C, D & R[Vm]o the function E^{C,D,g,x,y) takes 
values in R[G][x,y,x~^ ,y~^]. 

Proof. We may assume by bilinearity that C = {a, /3) — (7, 6) and D = (e, l) — (k, A) 
for some pairs (a, /3), {'j,S), (e, t) and (k, A) G Vm- Pick two elements (r, s) G 
Umict — 7, /? — 5, 3) and {u, v) G Vm{€ — k, l — A, g). Then for every sufficiently large 
natural number n we have: 



Um{a,f3,g,n) = {{a + r,b + s)\{a,b) G Um{j,S,g,n)} and 
Vm{e,t, g,n) = {{a + u,b + v)\{a,b) € Vm{K,X,g,n)}. 

Therefore 



E^{C,D,g,x,y) =P{x,y) 



+ 



det{gf 



E 



C2.y')deg(det(g)) 

^ ia,b)GUn,{-fJ,gf) 
(c,d)eV„,(«,A,s) 



where P(a;,t/) e Z[G][a;,i/, a; ^,y ^] and 



a b 
a d 



^2oo((a,6)goo) j^2oo((c,d)goo) ^ 



a b 
c d 



= det 

- det 



a + r + s 
c+u d+v 

a b 
c+u d+v 



-det 

G 



a + r b + s 
c d 

G 



det 



a 



d 



In order to finish the proof it is enough to show that the determinants in the expres- 
sion above can be paired in such a way that in every pair the determinants have dif- 
ferent signs and they represent the same element in G if max(|| (a, b)gx\\, \\ (c, d)goo\\) 
is sufficiently large. This follows the lemma below or its pair which we get by switch- 
ing the rows of the matrices depending on whether ||(a, b)s'cxD|| or ||(c, rf)fifoo|| is the 
larger one among the two, respectively. □ 



THE RIGID ANALYTICAL REGULATOR AND DRINFELD MODULAR CURVES 11 



Lemma 3.6. For each k G GL2(-Foo) let \\k\\ denote the maximum of absolute 
values of the entries ofk. Then for every g e GL2{F^) and (r, s), (a, b), (c, d) € 
such that (a, b)g ^ F| and (c, d)g G F| we ftave; 



1 - det( 



a + r b-\- s 



a b 
c d 



< 



\9-'\\\detig)\ 



\\{a,b)g\\ 



Proof. Using Cramer's rule we get that 



a + r b + s 
c d 



a b 
c d 



rd—sc —rb+sa 
ad— be ad— be 

1 



so 



1 - det( 



r b 



a b 
c d 



rd — so 



ad — be 



< 



11(^,^)11- II (c,rf) 11 ^ 
\ad — bc\ 



On the other hand let (ai,6i) = {a,b)g and {ci,di) = {c,d)g. Then |ai| > |6i| and 
|ci| < similarly as we noted at the end of Definition 3.2 therefore 



\ad — bc\ 



= \aidi - 6iCi| • I det(5)| ^ 



= \aidi\ • |det(.9)|-i 

= ||(ai,&i)||.||(ci,di)l|-|dct(g)|-i 

>||(a,6)<?||-||(c,d)||-||<?-^||-i-|det(<?)|-i. 



□ 



Definition 3.7. As a consequence of Proposition 3.5 the function E^{C, D, g, x, y) 
can be evaluated aX x = y = 1. Let 

EZ{C,D,g) = EZ{C,D,g,l,l)&R[a\ 

for every g e GL2{A.). In accordance with the previously introduced notation for 
every finite abelian group G we let Ig<'^[G] denote the augmentation ideal of Z[G] 
that is the kernel of the augmentation map Z[G] Z. There is an isomorphism 
Ig/Iq = G induced by the map given by the rule g ^ 1 — g G Ig for every g G G. 

Proposition 3.8. Assume that R = Z. Then we have E^{G, D, g) G Ig for every 
g G GL2(A). 

Proof. It will be sufficient to prove that E^^ (C, D,g) =0 where {1} is the trivial 

group. We may assmne again by bilinearity that C = {a, [3) — (7,(5) and D = 
(e, (.) — (k, A) for some pairs (a,/?), (7, <5), (e, t) and (k, A) G Vm- Pick again two 
elements (r, s) G Um{ce — j, (3 — S, g) and {u, v) G Vna(e — k, t — A, g). Then for every 
sufficiently large natural number n we have: 

U Um{a,(3,g,m) = \^ {{a + r,b + s)\{a,b) e Um{-r,6,g,m)} 
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and 

U Vm{e,L,g,m) = [J {{a + u,b + v)\{a,b) e Vm{K, X,g,m)}. 



Hence we have: 



IJ Um{a,0,g,m}\ = \ [J Urn{-y, S, g, rn}\, \Urn{a, P, g, n}\ = \Urn{-y,S,g, n}\ and 



m<n m<n 



I U Vm{e,L,g,m}\ = \ [J Vrn{K,X,g,m)\,\Vrn{€,L,g,n)\ = \Vrn{K,X,g,n}\ 

m<n m<n 

for every sufficiently large natural number n. Therefore 

Ei'\c,D,g)= ({\Um{a,l3,g,m)\-\Um{7,6,g,m)\) 
■ (|Ka(e,i, 5,^^)1 - \Vm{n,X,g,n)\) 



n— s-oo 



lim ((I 1) U^{a,(3,g,m)\-\ 1) U,n{l,5,g,m)\) 



•(I y VUe,L,g,k)\-\ y Vr„iK, X,g,k)\) 
=0. □ 



Definition 3.9. In accordance with the notation wc introduced in Definition 1.8 
let 6' e G denote the class of any 9 e Ig- For every C, D e Z[Vm]o and AT G Z let 
£m{C, D, g, n) denote the F^^-valued function: 



£,^{C,D,g,N)= W n det 



m,n<n (a,h)^U„x(a,f3,g,m) 
(a,/3)GV„ (c,d)GVm(7,'5,S,") 
(7,'5)eV„, 



^ ^ ^ C(a,/3)D(7,5) 

c d 



Finally let £m{C,D,g) denote the limit 

Sr^{C,D,g)= hm 8m{C,D,g,N) 

if the latter exists. The following claim is an immediate corollary to Lemma 3.6 
and Proposition 3.8 using the same argument we used in the proof of Proposition 
3.5. 

Proposition 3.10. The limit above exits and 

E^{C,D,gy = £ra{C,D,gf. □ 
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4. The Kronecker limit formula 

Notation 4.1. We are going to use the notation we introduced in 1.2. For every 
connected rational subdomain U of the elements of dU are called the boundary 
components of U, by slight abuse of language. Let TZ{U) C 0{U) denote the 
subalgebra of restrictions of rational functions holomorphic on U and TZ*{U) denote 
the group of invertible elements of this algebra. The group W{U) consists of 
rational functions which do not have poles or zeros lying in U. 

Theorem 4.2. There is a unique map {■,-}d ■ 0*{U) x 0*{U) for every 

D G dU , called the rigid analytic regulator, with the following properties: 

(i) For any two f,gG TZ*{U) their regulator is: 

{f,9}D = Yl{f,gh, 

(a) the regulator {•, -jc is bilinear in both variables, 

(Hi) the regulator {■, ■}£> is alternating: {f,g}D ■ {g, /}d = 1; 

(iv) tff,l-fe 0{UY, then {/, 1 - f}D IS I, 

(v) for each f £ 0^(11) and g £ 0*{U) we have {f,g}D € W^. 

Proof. This is Theorem 2.2 of [22]. □ 

Definition 4.3. If U is still a connected rational subdomain of P^, and /, g are 

two meromorphic functions on U, then for all x G U the functions / and g have a 
power series expansion around x, so in particular their tame symbol {f,g}x at x 
is defined. Let M{U) denote the field of meromorphic functions of U. The tame 
symbols extends to a homomorphism {•,-}x '■ K2{M.{U)) C^. We define the 
group K2{U) as the kernel of the direct sum of tame symbols: 

0{.,.}.:i^2(A1(t/))-0C^. 

xGU xGU 

Let k = J2i fi® gi ^ K^iU), where fi, gi € M{U), and let D e dU. Let moreover 
F be a connected rational subdomain of U such that fi, Qi € 0*iY) for all i and 
dU C dY. Define the rigid analytical regulator {k}D by the formula: 

{k}D = J\{fi\Y,gi\Y}D- 

i 

Theorem 1.3 is based on the previous result and the following theorem: 

Theorem 4.4. {i) For each k G K2{U) the rigid analytical regulator {k}D is well- 
defined, and it is a homomorphism {•}d '■ K^iU) C^, 

(ii) for any two functions f,gG 0*(U) we have {f ® g}D = {fj9}D, 

(Hi) for every k G K2{U) the product of all regulators on the boundary components 
of U is equal to 1: 

n {k)D=i, 

DedU 

(iv) for every connected subdomain Y CU, boundary component D e dY n dU and 
k € K2{M{U)) we have: 

{k\Y}D = {k}D. 
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Proof. This is Theorem 3.2 of [22]. □ 

Definition 4.5. For every p G GL2{F^) and z e let p{z) denote the image of 
z under the Mobius transformation corresponding to p. Let moreover D{p) denote 
the open disc 

D{p) = {zG¥\C^)\l<\p-\z)\}. 

Let V denote the set of open discs of the form D{p) where p E (-FLo)- For 
each D eVlet D{F^) denote D n r\F^). Let V denote those subsets S of V 
such that the sets D{F^), D G S form a pair-wise disjoint partition of P^(Foo). 
For each S E V let n{S) denote the unique connected rational subdomain defined 
over Foe with the property dQ{S) = S. Let fl denote the rigid analytic upper half 
plane, or Drinfeld's upper half plane over F^. The set of points of O is Coo — -Foo 
denoted also by fl by abuse of notation. Recall that a function f : fl ^ Coo is 
holomorphic if the restriction of / onto ^{S) is holomorphic for every S E V. Let 
0{fl) and M{fl) denote the Coo-algebra of holomorphic functions and the field 
of meromorphic function of il, respectively. The latter is of course the quotient 
field of the former. We define K2{^) as the intersection of the kernels of all the 
tame symbols {•, ■}x inside K2{M{Q)) where x runs through the set O. By part 
{iv) of Theorem 4.4 for each k E K2(^) the value {k}{p) = {A;|jj(s)}d(p)j where 
p E GL2{Foo) and D{p) E S EP, is independent of the choice of S. We define the 
regulator {k} : GL2(^oo) — * CJ^ of k as the function given by this rule. 

Lemma 4.6. Let p = (q ^) where x E F^ and y E Fqo- Then for every ^ 

(a, b) E F^ and ^ (c, d) E F^ the following holds: 

(i) if (a, b)p E F^ and (c, d)p E F^ then 

{{az + 6) (g) {cz + d)}D{p) = 1, 
(ii) if {a, b)p ^ F| and (c, d)p ^ F^ then a 7^ 0, 6 ^ and 

{{az + 6) (g) {cz + d)}n{p) = b/a, 
{in) if {a, b)p ^ F| and (c, d)p E F^ then a^Q and 

{{az + b)® {cz + d)]D{p) = ^ det 
{iv) if {a, b)p E F^ and (c, d)p ^ F^ then b^O and 
{{az + 6) (g) {cz + d)}D{p) = cdet 

Proof. Let D{p)'^ denote the complement of D{p) in P^. Obviously 

D{p)- ^ {z E Coo\\z - y\ < \x\}. 

Hence {a,b)p E F3 if and only if the polynomial az + b has no zeros in D{p)'^ and 
{a,b)p ^ F^ if and only if a 7^ and the polynomial az + b does have a zero in 
D{p)'^. By Weil's reciprocity law: 

{(a2; + 6) (g (c2 + d)}^(^) = Yi {az + b,cz + d}t. 
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Since the tame symbol of az + b and cz + d a.t t G Coo is 1 if neither az + b nor 
cz + d has a zero at t claim (i) is clear. In the second case both az + b and cz + d 
has a single pole at oo but has no zero in D{p) therefore 

{{az + 6) (g) (cz + d)}£)(p) = {az + b,cz + d}oo = b/a. 

Claim (iv) follows from claim (iii) by the antisymmetry of the regulator. In the 
latter case az + b has a single zero in D{pY and cz + d has no zeros in D{pY hence 

{{az + b) (g) {cz + d)}D(p) = {az + b,cz + d}zl/a = ^ det ' ^ 

Definition 4.7. We are going to need a mild extension of the regulator we in- 
troduced in Definition 4.5. Let K2{GL2{Af) x il) denote the set of functions 

k : (A/) —>■ K2{Sl)- We define the regulator of an element k € i^2(G'L2(A/) x Q) 
as the function {k} : GL2(A) given by the rule {k}{g) = {k{gf)}{goo) for 

every g e GL2{A). Since the set K2{GL2{Af) x ft) consists of functions taking 
values in the group K2{^) it is equipped with a group structure whose operation 
will be denoted by addition. Let 0*(GL2(A/) x f2) denote the set of functions 
u : GI/2(A/) X — > which are holomorphic in the second variable. Then there 
is a bilinear map: 

(g) : 0*{GL2{Af) X fi) X e>*(GL2(A/) x fi) ^ K2{GL2{Af) x fi) 

given by the rule (u ig) v){g) = w|gx{ } ® ^lsx{ } for every g € GI/2(A/). For each 
{a, (3) e (0//m)^, and A'' positive integer let em{oi,f3,N){g,z) denote the function: 

er„{a,p,N){g,z)= H I [] («^ + ^) ' H + 

\(a,6)eWm(a,/3,g,ra) (c,d)eW„(0,0,g,n) 

on the set GL2(A/) x Cl. The latter is clearly holomorphic in the second variable. 
Lemma 4.8. The limit 

em{a,P){g,z) = lim €m{a, 0, N){g, z) 

N—^oo 

converges uniformly in z on every admissible open subdomain of for every fixed 
g and defines a function holomorphic in the second variable. 

Proof. See Lemma 4.5 of [20] on pages 145-146. □ 

Definition 4.9. For every C e Z[Vm]o let €m{C,g, z) denote the function: 

n e^{a,0){g,zf^''^P^ 

(a:,/3)eVTO 

on the set Gi2(A/) x O. For every C, D G Z[Vm\o let Km{C, D) denote the element: 

(^m{C,g,z)^ern{D,g,z) 

of the set i^2(GL2(A/) x 
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Kronecker Limit Formula 4.10. For all g G GL2{A) we have: 

{Kr.iC,D)}igf = {E^{C,D,g)-E^{D,C,g)y. 

Proof. Assume first that g^o = (q i) f*^^' some x £ and y G F^o- By Proposi- 
tion 3.10 it will be sufficient to prove that 

(c<,/3)ev„ (7,'5)ev„ 
is equal to 

£,r,{C,D,g,N)-£„,iD,C\g,N)-' 

for every sufficiently large N. By bilinearity and Lemma 4.6 the regulator in the 
left hand side of the equation that we wish to prove is equal to 



n ( n «r'det 

m,n<N ^ {ai,bi)SUm{a,l3,g,m) 
(a./3)eV„ {ci,di)eV^h,S,g,n) 

(7,<5)ev„ 



ci di 



n -^-(: t)" 



(a2,62)6Vm(a,/3,s,»n) 
{c2,d2)eUm{l,S,g,n) 

n "3^C3 

{a3,b3)&Um{oi,l3,g,m) 
(c3,d3)eUm{"t ,S,g,n) 

Therefore what we need to show is: 

/ X C(a,/3)D(7,5) 

n ( n a-i^"'('^''''S'")i • Yi ci^"''"''^'^''"^! ) =1. 

m,n<N ^ (a,6)eC/m(a,/3,s,m) (c,<i)eC/„(7,5,g,n) ' 

(a,/3)eV„ 
(7,'5)eV„ 

The latter follows from the fact that for every C € Z[Vm]o and for every sufficiently 
large N the equation: 



J2 C{a,p)\W,,{a,p,g,n)\=0 



n<N 

holds. On the other hand the latter has been already shown in the course of the 
proof of Proposition 3.8 (at least in the special ease when C = — (7, '5) foi' 

some (a, /3), {j,S) G Vm but the general case follows at once from this one by 
linearity). Let us consider now the general case. First note that both sides of the 
equation in the theorem above are right- invariant with respect to Z{Foc)Tx hence 
if the claim is true for g then it is true for gz as well for every z G Z{Foo)Too- Let 
n e GL2{Foo) be the matrix whose diagonal entries are zero, and its lower left and 
upper right entry is tt and 1, respectively, where tt is a uniformizer of F^o- Then 
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for every p E GL2{Foc) the open disks D{p) and D{pl\) arc complementary in P-^ 
hence claim (iii) of Theorem 4.4 (Weil's reciprocity law) implies that 



for every g e GL2{A). A matrix p G GL2{Foc) can be written as a product 
p = ^) z where x G F^, y G -Foe and z G ^(-F'oo)roo if and only if oo G D{p). 
Since either D{p) or D{pU) contains the point oo it will be sufficient to prove that 
the identity above holds for E^{C, D, g)' /E^{D,C, g)' as well. But 



Um{a,(3,gll) = Vm{a,P,g) and Vm{a,/3,gU) = Um{a,f3,g), 
therefore E^{C,D,g) = {-l)^E^{D,C,gU) for any g € GL2{A), so the latter is 



Notation 5.1. Let A = O j D F: it is a Dodckind domain. The ideals of A and the 
effective divisors on X with support away from oo arc in a bijective correspondence. 
These two sets will be identified in all that follows. For any non-zero ideal m<l A 
let Y{m) denote the coarse moduli for parameterizing Drinfcld modules of rank two 
over A of general characteristic with full level m-structure. It is an affine algebraic 
curve defined over F. For every Drinfcld module (p : A ^ G{t} of rank two 
equipped with a full level m-structure l : (A/m)'^ C, where C is an F-algebra, 
let : Y{m) Spec(C) be the universal map. 

Lemma 5.2. There is a unique element em{D) e r(F(m),0*) for every D e 
Z[Vm]o such that 



for every C, 4> o^nd u as above. 

Proof. We may assume that m is a proper ideal without the loss of generality. 
For any non-zero ideal m-aA let H{m) denote r(F(m),C). We may assume by 
linearity that D = (a, /3) — (7, 5) for some (a, fi), (7, i5) G Vm- Let {(j), l) and {tp, k) 
be ordered pairs of two Drinfeld modules (j) and ip of rank two over C equipped 
with a full level m-structure i and k, respectively. Recall that {4>, i) and {ip, k) 
are isomorphic if there is an isomorphism j : Ga — > Ga between (j) and tp such 
that the composition j o t is equal to k. As j is just a multiplication by a scalar 
we get that the element i{a,f})/ i{'-^,5) depends only on the isomorphism class of 
the pair {4>,l). In particular the claim is obvious when the moduli scheme Y{m) 
is fine because we have em{D) = tvn(Q!, /3))/tm(7, in this case where the map 
Lm ■ {A/m}'^ H{m) is the universal full level m-structure for the universal Drinfeld 
module cpm : A _ff(m){r} over F(m). The latter holds if m has at least two prime 
divisors. In general the universal map H{m) — > ©pj-^, -f^(tTip) is an etale injection, 
so it is faithfully flat. Therefore the sequence 



MC,D)}{gf . {K^{C,D)}{gIlf = 1 



obvious. □ 



5. Modular units and Hecke operators 



(a,/3)eV, 




18 



AMBRUS PAL 



is exact by Proposition 2.18 of [18], pages 16-17. For every (k, A) S Vm and prime 
ideal p | m let (k, A, p) denote the unique element of Vmp such that (k, A, p) = (k, A) 
mod m and (k, A, p) = (0,0) mod p. Moreover for every prime ideal p j m let 
D{p) G Z[Vmp]o denote the element {a,(3,p) — (7, /3, p). Then the element 

0e„p(l)(p))e0i?(mp) 

p-fm p-fm 

is in the kernel of the second map in the exact sequence above, therefore it is the 
image of a unique element em{D) G H{m) which satisfies the required property. □ 

Definition 5.3. The group GL2{F) acts on the product GL2{A.f) x ft on the left 
by acting on the first factor via the natural embedding and on Drinfcld's upper half 
plane via Mobius transformations. The group K/(m) = K(m) fl GL2{Of) acts on 
the right of this product by acting on the first factor via the regular action. Since 
the quotient set GL2(i^)\GL2(A/)/K/(m) is finite, the set 

GL2{F)\GL2{Af) X fl/Kf{m) 

is the disjoint union of finitely many sets of the form T\fl, where F is a subgroup of 
GL2{F) of the form GL2{F) (1 gKf{m)g~^ for some g e GL2(A/). As these groups 
act on n discretely, the set above naturally has the structure of a rigid analytic 
curve. Let Y{m)F^ also denote the underlying rigid analytical space of the base 
change of Y{m) to F^o by abuse of notation. 

Theorem 5.4. There is a rigid-analytical isomorphism: 



Y{m)F^ ^ GL2{F)\GL2{Af) x n/Kf{m). 



Proof. See [4], Theorem 6.6. □ 

Proposition 5.5. For every D G Z[Vm]o the function corresponding to em{F>) 
under the isomorphism of Theorem 5.4 above is the function em{D,g,z) introduced 
in Definition 4-9. 

Proof. First we are going to recall the map underlying the isomorphism of Theo- 
rem 5.4 on Coo-valued points. For every {g,z) G GL2{Af) x O let e(g^2)(w) denote 
the corresponding exponential function: 



n 



(1- 



w 



(a,6)6W„(0,0,s/) 



az + b 



The infinite product above is converging absolutely and defines an entire func- 
tion. The exponential e((, 2) uniformizes a Drinfeld module 4'{g,z) over Cqo which is 
equipped with a full level m-structure l given by the formula: 

L{a,0) = e(g^;,){az + b) where (a, 6) G Wm{a,(3,gf) 

for every (a, /3) G (0//tn)^ independent of the choice of (a, b). Since obviously we 
have (-(«,/?) = eta{a, P, g, z) the claim is now clear. □ 
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Definition 5.6. Let M be an abelian group and let n be any effective divisor on X. 
By an M-valued automorphic form over F of level n (and trivial central character) 
we mean a locally constant function (p '■ GL2{A) M satisfying (p{jgkz) = 4>{g) 
for all 7 e GL2{F), z G Z{A), and k e Ko(n), where 

IKo(n)-{(^° Jj) e GL2(O)lc = 0modn}. 

Let A{n, M) denote the Z-module of M-vahicd automorphic forms of level n. Now 
let n be an effective divisor on X whose support does not contain oo. Let 7i(n, M) 
denote the Z-module of automorphic forms / of level noo satisfying the following 
two identities: 

^{gil j')) = -<^(5),(V5eGL2(A)), 



and 

0(5 



? J))+E'^(5(e j)) = 0,(VfleGL2(A)), 



where tt is a uniformizer in and we consider GL2(-F'oo) as a subgroup of GL2(A) 
and we understand the product of their elements accordingly. Such automorphic 

forms are called harmonic. 

Definition 5.7. Let m, n be effective divisors of X. Define the set: 

i?(m,n) = {(^" &GL2{A)\a,b,c,deO,{ad-ch) = m,n^ {c),{d) +n = O}. 

The set i?(m, n) is compact and it is a double Ko(n)-coset, so it is a disjoint union 

of finitely many right Ko(n)-cosets. Let i?(m, n) be a set of representatives of these 
cosets. For any € A{n, R) define the function Tm{4)) by the formula: 

heR{m,n) 

It is easy to check that Tn,(0) is independent of the choice of i?(m, n) and T^icj)) € 
A{n, M) as well. So we have an Z-linear operator : A{n, M) — > A{n, M). 

Definition 5.8. Let X be a HausdorfF topological space. For any R commutative 
ring let A4{X, R) denote the set of i?- valued finitely additive measures on the open 
and compact subsets of 3C. For every M abelian group let Co(X, M) denote the 
group of compactly supported locally constant functions / : X ^ M. For every 
/ € Co(X, M) and n € A^(X, R) we define the modulus fj,{f ) of / with respect to /z 
as the Z-submodule of R generated by the elements lJ'{f~^{g)), where ^ g G M. 
We also define the integral of / on X with respect to as the sum: 



Of course this definition is nothing more than a convenient formalism. For its 
elementary properties see Lemma 5.2 of [22]. Let M be a Q- vector space and let 
be an element of .4(n, M). If for all g e GL2(A): 



/ . 

Jf\& 



I l) 9)dn{x) = 0, 
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where fi is the normahzed Haar measure on F\A such that /i(F\A) = 1 wo call 
(/> a cusp form. Let Ao{n, M) (respectively Ho(n, M)) denote the Q-module of M- 
valued cuspidal automorphic forms (respectively cuspidal harmonic forms) of level 
n (resp. of level noo). 

Notation 5.9. For any ideal n<iA let Yo(n) denote the coarse moduli scheme for 
rank two Drinfeld modules of general characteristic equipped with a Hecke level-n 
structure. It is an affine algebraic curve defined over F. Let Xo(n) denote the 
imiquo irreducible smooth projective curve over F which contains Yo{n) as an open 
subvariety. For every proper ideal m<iA there is a m-th Hecke correspondence on 
the Drinfeld modular curve Xo(ti) which in turn induces an endomorphism of the 
Jacobian Jo(n) of the curve Xo(n), called the Hecke operator Tm (for a detailed 
description see for example [6] or [7].) The m-th Hecke correspondence also induces 
a pair of compatible homomorphisms: 

Tn, : Hl,{Xo{n)L,K{2)) ^ HUXo{n) l , K {2)) 

and 

: Hli{Yo{n)L,K{2)) ^ Hli{Yo{n)L,K{2)) 

for every number field K and for every L D F extension. These operators are 
denoted by the same symbol we use for the operators introduced in Definition 5.7, 
but this will not cause confusion as we will see. For the moment it is sufiicient to 
remark that they act on different objects. 

Notation 5.10. Let 7r(n) : Y{n) Yo{n) be the map induced by the forgetful func- 
tor which assigns to every Drinfeld module (j) : A ^ C{t} of rank two equipped with 
a full level m-structure l : (A/m)^ — > C, where C is an F-algebra, the Drinfeld mod- 
ule ^ equipped with the Hecke level-n structure generated by t(0, 1). Hence Yo{n) 
also has a rigid analytic uniformization of the kind described in Theorem 5.4 where 
the role of the group K(n) is played by IKo(n). Hence we may evaluate the regulator 
introduced in Definition 4.7 on the pull-back of the elements of Hj^{Yo{n)F^,'Z{2)) 
with respect to this uniformization. Let {•} denote also the unique ii'-linear exten- 
sion to H'^{Yo{n)F^, K{2)) of this regulator for every number field K by abuse of 
notation. 

For the rest of the paper we assume that F = Fq (T) is the rational function field 
of transcendence degree one over Fg, where T is an indeterminate, and oo is the 
point at infinity on X = Pj. . 

Proposition 5.11. For every k G Hj^{Yo{n)F^, K{2)) following holds: 
(i) we have {k} e H{n, F^ ® K), 

(a) we have {k} e Hoin, F^ (g) K) when k e Hl^{Xa{n) , K (2)) , 
{in) we have {Tvn(fc)} = Tm{k} for every vn.< A proper ideal. 

Proof. By definition and the invariance theorem of [22] the regulator {fc} is left 
(jL2(f')-invariant and right ]Ko(noo)Z(Foo)-invariant. By our assumptions on F 
and oo we have F*0*^ = Aj hence {k} is also Z(A)-invariant. Therefore it is an 
element of A{noo, F^®K). By claim [iii) of Theorem 4.4 the additional conditions 
of Definition 5.6 also hold for {k} as the following two sets of disks: 

D{p),D{p(^l j))andZ?(p(j \))\^^^^} 
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give a pair- wise disjoint covering of the set ¥^{Foo) for every p G GL2{Foo)- Claim 
(i) is proved. The second claim is an immediate consequence of Theorem 6.3 of 
[22]. Finally let us concern ourselves with the proof of claim (tii). For every 
h e GL2{Af) let h : GL2{Af) x O ^ GL2{Af) x ft simply denote the map given 
by the rule {g,z) i— *■ {gh,z) for every g e GZ/2(A/) and z G ^. By slight abuse 
of notation let the same symbol denote unique the map h : Y{n)F^ Y{n)F^ 
which satisfies the relation h o 7r(n) = 7r(n) o h. Let i?(m, n) C H{m,n) be a set of 
representatives which is also a subset of GZ/2(A/). Then we have: 

7r(n)*(T^(fc)) = J2 /^^W 

heR{m,n) 

in Hji^{Y{n)Fao, K{2)). Hence by the invariance theorem (Theorem 3.11 of [22]) 
for every g G GL2{A) we have: 

{Tmmia)- E V'*mi9)= E {k}{gh) = T^{k}{g) 

heR{m,n) heR{m,n) 

as we claimed. □ 

Let L c -Fqo be a finite extension of F and let 

{■}:Hl^{Xoin)L,Ki2))^F:^(^K 

denote also the composition of the homomorphism 

induced by the functoriality of motivic cohomology and the homomorphism {•}. 
Let C C Xo{n) x Xo{n) be a correspondence and let 

a : Hl^{Xo{n)L,K{2)) ^ Hl^{Xo{n)L,K{2)) 

denote the homomorphism induced by C. 

Lemma 5.12. We have {C*{k)} = for every k G H%i{XQ{n)L,K{2)) if the 
endomorphism J{C) : Jo(n) Jo(tt) induced by C is zero. 

Proof. We may assume without the loss of generality that k £ -ff^(Xo(n)L,Z(2)). 
Let y be a smooth, projective curve over Fg whose function field is L and let X be 
a regular flat projective model of Xo{n) l over Y. By passing to a finite extension of 
L, if it is necessary, we may also assume that X is semi-stable. By Proposition 8.6 
there is a positive integer j such that the element jC,(fc) G i7j^(Xo(n)i,Z(2)) lies in 
the image of the natural map Z(2)) i7j^(Xo(n)L,Z(2)). By Proposition 

6.5 of [23] the group _ff^(X, Z(2)) is the extension of a torsion group by a p- 
divisible subgroup. The image of the restriction of the regulator of Notation 5.10 
to i?j^(Xo(n)i:,, Z(2)) lies in H{n,F^) so its image has a torsion p-divisible part. 
Therefore the image of the restriction of this regulator to Z(2)) is torsion. 

The claim is now clear. □ 
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Remarks 5.13. Let T(n) denote the algebra with unity generated by the cndo- 
morphisms of the Jacobian Jo{n), where m<i A is any proper ideal. The algebra 
T(n) is known to be commutative. By claim (iii) of Proposition 5.11 and the lemma 
above the algebra of correspondences generated by the Hecke correspondences leaves 
the kernel of the regulator of Notation 5.10 restricted to iI^(Xo(n)i, K{2)) invari- 
ant and its action on the image of this homomorphism factors through the Hecke 
algebra T(n) (8) Q- Moreover the Hecke operator acts on this image via the 
operator given by the formula in Definition 5.7 by claim (iii) of Proposition 



Definition 5.14. Let ij,g be the unique left- invariant Haar measure on the locally 

compact abclian topological group GL2{A.)/Z{A) such that ^ig{GL2{0) / Z{0)) is 
equal to 1. Since this measure is left-invariant with respect to the discrete action 
of the group GL2{F)/Z{F), it induces a measure Z{k)GL2{F)\GL2{k) which will 
be denoted by the same symbol by abuse of notation. Let V ^ W arc vector spaces 
over Q, and let </>, ^ be a F-valued and a M^-valued, locally constant function on 
Z{A)GL2{F)\GL2{A), respectively. Also assume that ip has compact support, for 
example tp € Hoin, W). Then the integral 



is well-defined. It will be denoted by tjj), and will be called the Petersson product 
of and ip. 

Lemma 5.15. For every kG Hli{Yoin)L, K{2)) there is ak' G Hl^{Xo{n)L, K(2)) 
such that ({A;}, V') = {{k'},ip) for every tp e Ho{n,Q). 

Proof. Let U denote the group H'^{Yo{n)L, O*) and let V denote the i^T-vector sub- 
space of H'j^{Yo{n)L, K{2)) generated by the product L* ®U C J?2^(ro(n)L, Z(2)). 
By our assumptions on F and oo the curve Xo(ti) is geometrically irreducible. 
Moreover the group generated by the linear equivalence class of degree zero divisors 
defined over L supported on the complement of Yq (n) l in the Jacobian of (n) l is 
finite by the main theorem of [8]. Hence there is a u € V such that {k^^ = {u]x for 
every closed point x in the complement of yo('^)L where {-^x denotes the i^-linear 
extension of the tame symbol at x (this fact is referred to as Bloch's lemma in 
[24]). Therefore k' = k — u lies in H'j^{Xo{n)L,K{2)) by the localization sequence. 
Hence it will be sufficient to prove that ({u}, ijj) = for every u € V and for every 
ijj e Ho{n,Q). In fact we will show the same claim for every tp £ Ho{n,Q). The 
operators act semisimply on the finite-dimensional vector space Ho{n, Q) there- 
fore the latter decomposes as the direct sum of Hcickc-eigenspaccs. Hence; we may 
assume that ^ above is a Hecke-eigenform by linearity. By the projection formula 
for the norm map in Milnor if-theory we have ^^(wi (g) U2) = Wi (8> Tm{u2) for 
every Ui G L* , U2 (z U and Hecke correspondence T^- Let q/n be a non-zero prime 
ideal which has a generator n € A such that tt = 1 mod n. Then the Hecke cor- 
respondence Tq maps the cusps, the geometric points in the complement of YQ{n), 
into themselves with multiplicity 1 -|- g'^^'s^'') according to the proof of Proposition 
3.1 of [8] on page 365. (Strictly speaking this claim is proved for the cusps of the 
Drinfeld modular curve X{n) there but the former claim immediately follows from 
the latter.) Hence we have: 



5.11. 




Z{A)GL2{F)\GL2(A) 



(1 + <Z' 



^(^))(M,^) = (r,w,v) = (M,Tq 



(^)) = r(q)(M,^) 
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using the sclf-adjointness of the operator Tq with respect to the Petersson product 
where G Q is the q-th Hecke eigenvalue of tp. By the Ramanujan-Petersson 

conjecture (proved in [4] first in this case) the latter is not equal to 1 + g'^''s(q) when 
deg(q) is sufficiently large hence {{u},ip) must be zero. □ 

6. The Rankin- Selberg method 

Notation 6.1. Let m<i^ be a proper ideal. Recall that a Dirichlet character of 

conductor m is a continuous homomorphism x '■ ^ which is trivial on F*Om 
where Om = {u G 0'j:\u = Imod m}. Then there is a unique homomorphism from 
(Of/m)* into C*, which will be denoted by x as well by abuse of notation, such 
that the latter is trivial on the class of constants F* C 0*j and we have x(z) = 
for every z € Oj where J denote the class of z in the quotient group (Of/m)*. 
Moreover we let x denote also the unique extension of these two homomorphisms 
onto Ay and Oj/m which is zero on the complement of A^- and (Of/m)*, respec- 
tively. We are going to assume that the homomorphism x is non-trivial. In this 
case X^aeOj/m ^('-*^) zero. Let Xi, X2 € C[Vm]o denote the functions given by the 
rules: 

Xi(a, /?) = x(a) (V(a, /?) £ V^), and 
X2(a, /?) = x(/3) when a = 0, 
and X2(q:,/3) = 0, otherwise, respectively. Let E^{x,g,x,y) denote the function 
x{det{gf))-'^E^{Xi,X2,g,x,y) for every finite quotient G of F*\A*/0}. 

Lemma 6.2. The function E^{x,g,x,y) is left-invariant with respect to GL2{F) 

and right- invariant with respect to IK(moo)roo^(A). 

Proof. By claim [i) of Proposition 3.3 we only need to show that E^[x^g,x,y) 
is right- invariant with respect to Z{Kf). But Z{Af) = Z{F)Z{Of) hence we only 
have to show that E^{xt gj x,y) is right-invariant with respect to Z{Of). In order 
to do so we will introduce some convenient notation which we will also use later on 
without further notice. By our usual abuse of notation for i = 1, 2 let Xi : C/ ^ C 
denote the function such that Xi{f) = Xiif) ^ov every / e where / denotes the 
class of / in the quotient group (Cy/m)^. For every g e GL2(A) let 

W{g) = {0 ^ / e F^lfgf e O}}, V{g) = {/ £ W{g)\fgoo e F^} 
and U{g) = W{g) - V{g). For every g G GL2(A) and z € Z{Of ) = O) we have 
U{gz) = U{g) and V{gz) = V{g). Moreover we have XiU^) = Xi{f)x{z) for every 
/ e and i = 1, 2. Therefore 

E^{x,gz,x,y)=x{zr\{det{gf)r' ' 



(a;y)deg(det(2))-|-deg(det(g)) 



X! {xi{{a,b)gfz)x2i{c,d)gfz) 



(a,b)eU(g) 
{c,d)eV{g) 

■det("' ^ \ j.2oo((o,5)soo)j^2oo((c,d)soo) 

V / oo 

= E'^{x.g,x,y), 
because deg(det(2;)) = and det{z)^ = 1 by definition. □ 
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Definition 6.3. Let xo '■ Of C denote the function such that Xo(w) — x(u) for 
every u G Of where u denotes again the class of u in the quotient group Of/m. 
Let G be a finite quotient group of F*\A* /O*^. Note that for every non-zero q<A 
the value y'^ & G depends only on q for every y G A*f where the divisor of y is 
q. Let q*^ denote this common value. Similarly note that for every non-zero ideal 
c\<A relatively prime to m the value xo (a) depends only on q for every a G A which 
generates the ideal q. We let x(q) denote this common value. For every G as above 
let L^{x,x) be the infinite series: 

J2 x(q)(q^)-V^^(^)eC[G][[x]]. 

(q,m)=l 

Note that for every complex number s the C[G]-valued series L^{x,q~^) is abso- 
lutely convergent when Re(s) > 1. 

For every z G A*^ let ^^(X) denote the C[G]-valued series: 

L^{x,z,s) = iz-'f\z\^ ^ Xoiuz)ug\u\^^ 

ueF* 
uzeOf 

if the latter is absolutely convergent. 

Lemma 6.4. For every z G A*^ we have i^(X) z, s) = x{z){q — l)-^m(X) 

Proof. First we are going to show that the function x{z)L^{Xj is invariant with 
respect to Of. For every v G 0*f we have 

X{zv)L'^{x,Vzv,s) =x(^{v-^f\v\'^{z-^f\z\' xo{uz)xoiv)ug\u\^' 
=L^{x,z,s), 

because x(^^) = Xo(^^), v'-^ = 1 and l^;! = 1. Now we may assume that z G F* 
because A*p = F*Of. In this case 

^L^{x,z,s) = L^{x,z,s)= xo{u){uf)-'\u\^' 

= {q-l)LZix,q-n 

because wc have = ug for every ii G F* , and because x{z) = 1 and 

\zf\ = \z\^ as the degree of every principal divisor is zero. □ 

Definition 6.5. Let B denote the group scheme of invertible upper triangular two 
by two matrices. For every finite quotient G as above and g G B{A) let K^{x, g, s) 
denote the C[G]-valued function: 

K^ix,9,s) = xi{xz)f){{xz)j'f\xz'\-' E Xoiivxz)f)vg HvxzU-^^ 

{v,w)eU{g) 
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H^{X,9,s,t) = Lg{X,q-'')\x\'K^{X,[^Q I' ] ,s) 
^0 ^ where A; e K(moo)roo, 



where g = (^^^ G B{A) and s is a complex number when this infinite sum is 
absolutely convergent. The latter holds if s with Re(s) > 1 because the series above 
is majorated by the series E{g, s). Finally for every pair of complex numbers s, t 
with Rc(s) > 1, Re{t) > 1 we let H^{x,g,s,t) denote the C[G]-valued function on 
GL2{A) given by the formula: 



if 



and -ff^(X; 5; s, t) = 0, otherwise. 
Lemma 6.6. The following holds: 

(i) the function K^{x,g,s) is left-invariant with respect to B{F) and right- 
invariant with respect to {B{0) Cl M^(m))Z[A), 
{Hi) the function H^{x, g, s, t) is well-defined and it is left-invariant with respect 
to B{F) and right-invariant with respect to K(moo)roo.Z'(A). 

Proof. The proof of the first claim is the same as the proofs of claim (i) of Propo- 
sition 3.3 and Lemma 6.4. In order to prove that iJ^(x, 5,5,^) is well-defined we 
need to show that = |a|* and 

where 

xz yz\ f ac bc\ , f xz yz\ ( ac bc\ ^ 

z)\o cj^^(^)^^^U Ij'U c) 

The latter is an immediate consequence of claim (i). Similarly the invariance prop- 
erties of ff^(x,5, claimed above are obvious from claim (i) and its definition. 

□ 

Proposition 6.7. For every g £ GL2{A) the sum on the right hand side below is 
absolutely convergent and we have: 

EZ{x,9,<r\q~') = {q-l) ^ H^{x, P9, s,t), 

peB{F)\GL2{F) 

when Re(s) > 1 and Re(f) > 1. 

Proof. For every p G GL2{F) the value of H^{x, pg, s, t) depends only on the left 
B(F)-coset of p because H^{x^ 9^ t) is left-invariant with respect to B{F). Hence 
the infinite sum on the right hand side above is well-defined. By grouping the terms 
of the absolutely convergent series on the left hand side we get: 

EZ{X,g,q-\q-')= x{det{{pg)f))-Uet{{pg)jY\det{pg)\^+' 

peB(F)\GL-i{F) 



Y Xii{v,w)pgf)X2{{0,u)p9f){vu) 

(v,w)GU(pg) 
«eF*,(0,M)GV(ps) 

v,w)pgoo\\~^' ■ ||(0,u)p5(ooir^*). 
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By the Iwasawa decomposition we may write g as 

,g = pfc, where p =( " G B(A) and A; = f J;" G GL2(C)■ 



c / \ ^21 ^22 

Because koo is an isometry we only have to show that 

ueF* 

(0,u)eV{g) 

■ (^){aff\ac\^ Xi{{v,w)9f)v1\\{v,w)Poo\\)-'') 

(v,w)eUig) 

by the above. The first infinite sum is zero unless there is a d € A/ such that 
d{k2i,k22)f G Oj: and the latter is congruent to (0,a) modulo mOf for some a G 
(Of/m)*. The latter is possible exactly when fc/ is in Ko(m). We may even assume 
that kf is in K(m) by changing p, if necessary. By the definition of the set V{g) we 
also need that |(fc22)oo| > |(A:2i)oo| for the first sum to be non-zero. Since (/c22)oo G 
Ooo we have cx)((A:2i)oo) > so fcoo € Too- In this case we have {O,u)goo G for 
every u G F* automatically so 

{u e F*\{0,u) e V{g)} = {u& F*\uc G Of}. 



Hence the first term of the product above is |a/c|*x(c/)L'^(x, cy, 2t). By Lemma 
6.4 we know that the latter is |a/c|*((j'— l)L(x, On the other hand the second 

term is visibly K^{x,g,s) because U{g) = U{p) and Xi(/^/) = for every 

f &Oj since kf G K(m). □ 

Definition 6.8. Let fiB be the unique left-invariant Haar measure on the locally 
compact abelian topological group Z{A)\B{A) such that ij.b{Z{0)\B{0)) is equal 
to 1. Since this measure is left-invariant with respect to the discrete action of 
the group Z{F)\B{F), it induces a measure on Z{A)B{F)\B{A), which will be 
denoted by the same symbol by abuse of notation. The measure hb has a simple 
description. Let ^ and n* be the unique Haar measure on the locally compact 
abelian topological group A and A*, respectively, such that /i(C') and fi*{0*) are 
both equal to 1. Since the measures n and /U* are left-invariant with respect to the 
discrete subgroups F c A, and F* c A*, respectively, by definition, they induce a 
measure on F\A and F*\A*, respectively, which will be denoted by the same letter 
by abuse of notation. Then we have 



X y \ Ky) 



-0 1 

Z(A)B{F)\Bi 

for every Lebesgue-measurable function / : Z{A)B{F)\B{A) C. 

Lemma 6.9. For every tp G ^o(Tt^oO)C) the integrands of the two integrals below 
are absolutely Lebesgue-integrable and 

J E^{x,g,q-',q-*)iig)dnG{g) = fi{m) J H^{x,b,s,t)iAb)diiB{b) 

Z(A)GL2(F)\GL2(A) Z(A)S(F)\S(A) 

where n{m) = {q - l)idG{Z{0)\K{moo)T^Z{Oj) when Re(s) > 1 and Re{t) > 1. 
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Proof. We may talk about the Lcbcsgue-integrability of the integrands above be- 
cause they are C[G]-valued functions. By Theorem 2.2.1 in [11], pages 255-256, we 
know that any cuspidal automorphic form which is invariant with respect to .^(A) 
has compact support as a function on Z{A)GL2{F)\GL2{A). Hence the integral 
on the left in the equation above is absolutely convergent and we may interchange 
the integration and the summation in Proposition 6.7 to get that 

J E^{x,9,q-',q-'Wa)dliG{g) = {q - I) J H^{xAs,t)J<^diiG{b) 

Z{A)GL2{F)\GL2{A) Z(A)B(F)\GL2(A) 

where the measure on Z{A)B{F)\GL2{A.) induced by /ic will be denoted by the 
same symbol by the usual abuse of notation. The map: 

TT : Z{A)B{F)\B{A) x Z{0)\K{moo)T^Z{0) Z{A)B{F)\GL2{A) 

given by the rule (6, k) bk is continuous, hence for every Borel-measurable set 
03 C Z{A)B{F)\GL2{A) the pre-image 7r~^(Q3) is also Borel-measurable. Let hb x 
jjLG denote the direct product of the measures ^,B and /xg on the direct product 
Z{A)B{F)\B{A) X Z{0)\K{moo)T^Z{0). Then we have he x nciTT-^ = 
/Ug(5B) for every *8 above. Moreover the map tt maps surjectively onto the support 
of -ffro (X) b, s, t) as a function on GL2{A) as we saw in Definition 6.4 so the integral 
above is equal to: 

{q-l) j dy^Bih) j H^{xM, s,t)J{bk)d,XG{k) 

Z(A)B{F)\B(A) Z{0)\H(moc)r^Z(0) 

by Fubini's theorem. By definition the integrand of the interior integral is constant 
on the domain of integration. The claim is now obvious. □ 

Definition 6.10. Let r : F\A ^ C* be a non-trivial continuous character and let 
5 be an idele such that X> = OO, where V is the O-module defined as 

X> = {a; e A|r(a;e') = 1}. 

It is well-known the linear equivalence class of the divisor of ii is the anti-canonical 
class. Moreover for every -q € F* the map x h-> T{r]x) is another non-trivial contin- 
uous homomorphism. Therefore by choosing an appropriate character t, we may 
assume that 3 is any idele of degree two, as every such divisor is linearly equivalent 
to the anti-canonical class. In particular we may assume that = tt^ where tt G F^o 
is a uniformizer. For every x<A non-zero ideal let S{m, r) denote the set: 

^(m, t) = {0 7^ q <i A\{m, q) = 1, q|t}. 

Moreover for every G as in Definition 6.3 let a^{x,t,x) S C[G][a;] denote the 
polynomial given by the formula: 

qeS(m,t) 
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Proposition 6.11. For each complex s with Re(s) > 1 we have: 

J ifS(x,(^Q lys)r{-y)d^,iy) = {q-l)M'-^a^{x,Xf,q'-'n, 

F\A 

if the divisor of x is effective, and it is zero, otherwise. 

Proof. The integral above is well-defined because the integrand is F-invariant by 

claim (i) of Lemma 6.6. Note that wc have u ^ for every 7^ (u, (,') G F'^ such that 
Xo((wa;D)/) ^ 0. Therefore by grouping the terms in the infinite sum of Definition 
6.5 we get the following identity: 



-Is 



veF ueF* 
(„,o)ec/((-;(^|''))) 



Hence 



j ifS(x,(^J' \ys)T{-y)d„{y) = 

F\A 



x{{xi))f){{xX))ff ■ E Xo{{uxX))f)ug\uxV\^^'' J Ti-y)dt,{y) 

by interchanging summation and integration. For every u G F* the domain of 
integration of the integral above is a direct product of the sets uJ^Of C Af and 
xdOao C Foo. The integral itself is non-zero if and only if the product set above lies 
in the kernel of r. The latter is equivalent to the conditions {ui})j^ = uj^ S Of 
and oo(a;) > 0. In this case the integral is equal to: 

IJ,{uJ^Of X xX)Ooo) = \u\~^IJ,{Of X UXX)Ooo) = \uX(}\oo- 

Let T(m, x) denote the set: 

T(m,x) = {uG F*\{ux)f G Of,uJ^ G Of}. 
By the above the left hand side of the equation in the claim above is equal to: 



x{xf)M'-^ E Xo{{ux)f){{ux)j'f\{ux)ff'-' 

ueT(m,x) 

when oo(a;) > 0, and it is zero, otherwise. The set T(m, x) is empty when Xf is not 
an element of 0/. Therefore the expression above is zero unless the divisor of x is 
effective. Note that in the latter case for every u G T{m, x) the number xo{{ux) /) is 
zero unless the divisor of (ux) / is an element of S{m,Xf). On the other hand every 
element of 5(m, Xf) is the divisor of an idele of the form (ux) f for some u G T(m, x) 
and u is unique up to factor in F*. Note that the sum above is invariant in the 
variable x with respect to the action of Oj. Hence we may assume that Xf = r]f 
for some 77 G F* . In this case we have x{xf) = 1 and x(ci) = Xo(('wa;)/) for every 
u G ^(m, x) where q is the divisor of (ux) /. The claim is now clear. □ 
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Notation 6.12. Recall that we call two divisors r and s on X relatively prime 
if their support is disjoint. For every e .4o(tn, C) let V* : Div(X) C denote 
the Fourier coefficients of tf} whose existence was established in Proposition 1 of 
Chapter III in [25], page 21, proved on pages 19-20 of [25]. Recall that a function 
/ : Div(X) — *■ i? is called multiplicative, where i? is a commutative ring with unity, 
if it is zero on non-effective divisors, /(I) = 1 and for every pair of relatively prime 
divisors r and s we have /(rs) = /(r)/(s). (Similarly an i?- valued fimction on 
the set of non-zero ideals of A is called multiplicative if it satisfies the last two 
properties of the previous definition.) Let us recall the situation considered in the 
introduction. Let E be an elliptic curve defined over F which has split multiplicative 
reduction at oo. By assumption the conductor of E is of the form noo where n is an 
eff'ective divisor which is supported in the complement of oo in X. Let VI; denote 
the unique multiplicative function into the multiplicative semigroup of Q such that 
ijj'^{x") is the same as in 1.6 for each natural number n and each closed point 
X on X. A cuspidal harmonic form (j)E S Ho{n,Q) is called a normalized Hecke 
eigenform attached to E is if its Fourier coefiicient 0|;(q) is equal to |c||V'b(i) for 
every effective divisor q. 

The following proposition is an easy consequence of the Langlands correspon- 
dence: 

Proposition 6.13. There is a unique normalized Hecke eigenform, attached to E. 

Proof. The only not entirely obvious fact is that the normalized Hecke eigenform 
has values in Q, see for example the proof of Proposition 3.3 in [21]. □ 

Theorem 6.14. Assume thatn divides m. Then for every ^^{s) > 1 anrfRe(f) > 1 
we have: 

Z{A)GL2{F)\GL2{A) 

(g-l)Mtn)Lg(x,g-^*) , °'r,_, Yl |tr+*-VS(x,t,g^-^^)VI;W. 

* Ojit<A 

Proof. By Lemma 6.9 and the description of the measure fis as a double integral 
at the end of Definition 6.8 we know that the integral on the left hand side of the 
equation above is equal to: 

^{m)L^{X,q-'')Jf^*{x)J\x\'K^{X,l^l \) ,s)m[1 l))d^- 6.14.1 

F*\A* F\A 

Using the Fourier expansion o{ (f)E = 4>e we get from Proposition 6.11 that 

(,-1) Y. \vM'-o2.{x,{v)t,i'-'"WE(v)- 
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By plugging the equation above into the double integral in 6.14.1 we get that the 
latter is equal to: 

A* 

if we also interchange the summation in the index rj and the integration. The 
integrand above is constant on the cosets of the subgroup O* C A* hence the 
integral is equal to the infinite sum: 

feeN 

1 E |tr+*-VS(x,t,g^-^«)VI;(t), 

where we also used that the function tp"^ is multiplicative and t(j'^{oo'^) = 1 for 
every A; € N. □ 

7. An oo-adic analogue of Beilinson's theorem 

Let R be an arbitrary commutative ring with unity. Let * : x ^ 
denote the map given by the rule: 

{J2 * (E = J2 

new neN neN 

Lemma 7.1. We have: 

1 1 

(1 - ait){l - (3it) * (1 - a2t){l - p2t) ~ 

1 — ai/9iQ!2/92^^ 
(1 - aia2t){l - ai/32i)(l - /3ia2i)(l - Pif32t) 
for every ai, (3i G R and a2, (32 & R. 

Proof. We may assume that R = Z[xi,yi,X2, 2/2] and ai = Xi, pi = yi for i = 1,2 
without the loss of generality. Note that 

aj - Pi _ ai Pi 

{1 - ait){l - Pit) ^ (1 - a^t) ' (1 - Pit) 

for i = 1 and i = 2. Also note that 

1 1 _ 1 

l-jit 1 - 72^ 1 - 71 72^ 
for every 71 , 72 G i? by definition. Because the map * is i?-bilinear we have 

(ai - P,){a2 - * (i-a,i)V/320 

_ / CXl Pi \ f 012 P2 \ 

~\l-ait I- Pit) * \1- a2t l-P2t) 
^ {ai - Pi){a2 - P2)il - aiPia2P2t^) 
~(1 - aia2t){l - aip2t){l - pia2t){l - pip2t) 

by the above. Since our assumption above implies that aj — Pi is not a zero divisor 
in R for i = 1, 2 the claim is now clear. □ 
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Notation 7.2. Let us consider the situation described in Definition 1.6. The Galois 
representation % corresponds to a Dirichlet character of conductor m described in 
Definition 6.1 by class field theory if an embedding of K into the field of complex 
numbers is also provided. We let x denote this Dirichlet character, too. Moreover 
the profinite completion of the group F* \ A* / Oj and Goo are canonically isomorphic 
by class field theory. In particular there is a bijective correspondence between the 
finite quotients of these groups. These two sets are going to be identified in all that 
follows. For every effective divisor c) on X let Lt,{E,x) be the L-function: 

L^{E,t)=L{X(T)),p,t)GC[t] 

where we continue to use the notation introduced in the proof of Proposition 2.4. 

Proposition 7.3. We have: 

(q,m)=l 

Proof. Note that the Z-adic representation p is unramified at every prime ideal 
(\<A which docs not divide m therefore the local factor Lq{E,t) of the Hasse-Weil 
L-function of at q can be written as 

^"^^'^^ " (l-a(q)tdeg(q))(l-/3(q)i<ies(q))' 

where a(q) and /3(q) are complex numbers such that a{q) + /3(q) = ipsi^) ^^'^ 
a(q) • f3{q) = q'^^sM _ ^j^e other hand it is clear from the definition of cr^(x, ^^ x) 
that the latter is a if [G] [x]- valued multiplicative function on the set of non-zero 
ideals of A. Therefore the power series in both sides of the equation in the claim 
above are Euler products, that is, the left hand side and the right hand side of the 
equation above is equal to: 

J|Ac(x,y) and J| Bq(a;,t/), 

qe|X| qe|X| 
q^supp(moo) <\^supp{moo) 

respectively, where 



■(1 - Q;(q)tdeg(q))(l _ /3(q)tdeg(q)) 

1 



(1 - a(q)x(q)(qG)-i(a;i)'*«s(^))(l - /3(q)x(q)(q^)-Ha;i)'*«s(^)) 



and 



B,{x,y) = J2rEi^n'rZ{x,C{\x)t'"^ 



deg(q)n 

for every q € |X| such that q ^ supp{moo) by the above. Clearly it is sufficient to 
prove that for every q the factors of these Euler products at q are equal. But the 
latter follows at once from Lemma 7.1 and the fact that 



oc ^ 

gaS(X,q",a;)t<i'''5('')" = _ ^deg(q))(i _ ^(q)(qG)-i(a.i)deg(q)) 



. □ 
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Theorem 7.4. We have: 

{E^ix. g, X, y), (I>e) = {q- l)^(m) (-\ L^E, —)C'^iE, x, xy). 

\yj QX 

Proof. By definition both sides of the equation above arc elements of the ring 
C[G][[a:;, But in fact the left and the right hand sides arc elements 

of the ring iC[G][x,y,x~^ ,y~^] by Propositions 3.5 and 2.4, respectively. We also 
know that after we substitute q^^ and q~* into x and y, respectively, both sides of 
the equation above become absolutely convergent when Re(s) > 1 and Kc(t) > 1. 
Therefore it will be sufficient to prove that they are equal after these substitutions 
by the unique continuation of holomorphic functions. Since c) is the anticanonical 
class, its degree is two, so the integral {E^{x,g,q~^,q~*),(j>E) can be rewritten as 
the infinite sum: 

{q-lMm)LZ{x,Q-'') ^^lZ-i E |tr+*-VS(x, t, 9^-^^)^|(t) = 

{q - lUm)q^^-^'Lr,{E, q^+^-')£^iE, x, 9"^-*) 
by Theorem 6.14 and Proposition 7.3. The claim is now clear. □ 

Notation 7.5. It is clear from Theorem 5.4 that the irreducible components of 
the curve Y{m.)F^ are in a bijective correspondence with the set: 

GL2{F)\GL2{Af)/Kf{m) 

of double cosets. In fact for a double coset represented by an element g G GL2{Af) 

the corresponding connected component is the image of {g} x Q under the uni- 
formization map of Theorem 5.4. Therefore the rule which associates x(deg(5))~^ 
to the irreducible component corresponding to the double coset represented by the 
element g G GL2{Af) gives rise to a well-defined _fC- valued function on the irre- 
ducible components of the curve Y{m) f„ ■ Actually this function is invariant under 
the action of the absolute Galois group of the extension L of F we introduced 
after Proposition 1.9 hence the function above is an algebraic cycle on Y(m)L of 
co-dimension zero with coeflScients in K. For every irreducible component C of 
Y{m)L we let X~^(C) denote the coefficient of G in this algebraic cycle. 

Definition 7.6. For every C, D G Z[Vm]o let Km{G,D) denote the element: 

em(C)®em(£')eF2,(y(m),Z(2)) 

where we use the notation of Lemma 5.2. By Proposition 5.5 the pull-back of 
Km{C,D) with respect to the uniformization map of Theorem 5.4 is the element 
of K2{GL2{Af) X Q) introduced in Definition 4.9 which is denoted by the same 
symbol hence our new notation will not cause any confusion. Clearly Km{G,D) is 
linear in the variables C and D. Let the same symbol denote by abuse of notation 
the unique A-bilinear extension: 

: A[Vm]o x A[V„,]o ^ Hl^{Y{m),A{2)) 

of this pairing. Let Km(x) denote the unique element of H'j^{Y (ra) l, A{2)) whose 
restriction to every irreducible component C of ^(m)^ is X~^(C')Kn,(xi, X2)|c- 
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Theorem 7.7. We have 

({K„(x)},0ij) = biE,m)LiE,q-')CUE,xy 
in F^® K where b{E, m) ^ K* . 

Proof. The Hecke eigenform is locally constant and has compact support as a 
function on GL2{F)\GL2{A) hence it takes only finitely many values. In particular 
there is a positive n £ N such that n(pE takes integer values. Let C and D S 
A[Vm]o be two functions such that the function x(det((?/))~^£'^(C, D, •, a;, y) is 
right Z(A)K(moo)-invariant. Then the integral: 

Pf (C, D, X, y) = n{x{dei{gf))-^E^{C, D, •, x, y),cl>E) G A[[x, y]]{x-\y-^) 

is well-defined and it is in fact an element of A[x, y, .x^^, y"-'^] according to Propo- 
sition 3.5. Therefore we may evaluate P^{C,D,x,y) at x = y = 1. As we already 
noted at the end of the proof of the limit formula 4.10 we have: 

EZ{C,D,g)^{-lfE^{D,C,gn) 

for every g G GL2{A) (using the notation of loc. cit.). Therefore we get the equality 
Pe{C, D, 1, 1) — — (— l)'^Pg (I?, C, 1, 1) because (j)E is harmonic and the Petersson- 
product is translation- invariant. The elements P^{C,D, 1,1) satisfy the obvious 
compatibility: let Pe{C,D) denote their limit. Then Pe{C,D) € A[[Goo]] lies in I 
by Proposition 3.8. Moreover we have: 

2Pb(xi,X2)' = PEixi,X2y/PE{x2,Xiy = {{^M)},^Er &G^®K 

by the Kronecker limit formula 4.10 using the notation we introduced in Definition 
6.1. Therefore we get that 

{Mx)},<I>e) = ^^fx{m)L^{E,q-')C^iE,xy 

using Theorem 7.4. Since Lm{E,q~^) = a{E,xn)L{E,q~^) for some a{E,m) € Q* 
the claim follows. □ 

The function field analogue of the Shimura-Taniyama-Weil conjecture claims the 
following: 

Theorem 7.8. There is a non-trivial map w : Xo{n) ^ E defined over F. 

Proof. Although this theorem is certainly very well known and have been stated 
in the literature several times already, in some cases with an indication of proof, 
its complete proof have not been written yet, which we will present now for the 
sake of record. Let I be a prime different from p and let Vp denote the base change 
of any algebraic variety V over F to the separable closure F of the field F. The 
Gal(F|F)-module H^{E-p,Qi) is absolutely irreducible, because the curve E is not 
isotrivial. By the global Langlands correspondence for function fields (sec [17], 
proved in this case in [3] already) there is a corresponding cuspidal automorphic 
representation n of GL2{A). Let w denote the grossencharacter of F which assigns 
to each idele its normalized absolute value. By the compatibility of the local and 
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global Langlands correspondences the oo-adic component of tt^uj~^ is isomorphic to 
the Steinberg representation. Also the conductor of tt is noo, so there is a non-zero 
automorphic form (j) of level noo and trivial central character which is an element 
of TT (S) co~^. By the above cf) is also harmonic, so by the main theorem of [4] there 
is an absolutely irreducible Gal(-F|-F) submodule of H^{Xo{n)p!,Qi) corresponding 
to the representation tt. This representation must be isomorphic to H^{E-p,Qi), 
because the Langlands correspondence is a bijection. By Zarhin's theorem (see 
[26] and [27]) there is a homomorphism from the Jacobian of Xo{n) onto E which 
induces this isomorphism. We get the map of the claim by composing the map 
above with a finite-to-one map from Xo(n) into its Jacobian. □ 

Our next goal is to give an explicit description of the relation between the modu- 
lar parameterization of the elliptic curve E in the theorem above and the normalized 
Hecke eigenform attached to E, due to Gekeler and Reversat [9] . 

Definition 7.9. Let deg(M) : GL^iFac) — * ^ denote the unique function for every 

holomorphic function m : f7 ^ such that the regulator {c ® /} introduced in 
Definition 4.5 is equal to c'**^s(") for every c e C^. Then deg(u) is just the van 
der Put logarithmic derivative of u introduced in [5]. Similarly to the notation we 
introduced in Definition 4.7 let deg(u) : (A) ^ Z be the function given by the 
formula deg{gf,g^) = Aeg{u{gf,-)){g^) for each g G GL2(A/) if u : GL2(A/) x 
fl — > is holomorphic in the second variable. Recall that 6 : — > £'(Coo) 
denotes the Tate uniformization of E. A theta function attached to E (and the 
modular parameterization tt) is a function ue '■ Gi2(A/) x f2 — > holomorphic 
in the second variable for each g e Gi2(A/) if it satisfies the following properties: 

(a) we have UE{gk, z) = usig, z) for each g G GL2(A/), z and k G IKo(n) fl 

GL2(A/), 

(&) the harmonic cochain deg(u_E) is ce<Pe, where ce is a positive integer, 
(c) the diagram: 

GL2(A/) X n ^ 

UB 

e 

yo(n) > ^(Coo) 

TT 

is commutative where the vertical map on the left is the uniformization map 
mentioned in Notation 5.10. 

Theorem (Gekeler- Reversat) 7.10. There is a theta function attached to E. 
Proof. See [9], Section 9.5, pages 86-88. □ 

Proof of Theorem 1.10. Let Km.n (x) e ffXi(^o(n)L,if(2)) denote the push- 
forward of the element Km(x) with respect to the map Y(m) io(iTi) induced the 
the forgetful map between the functors represented by these moduli curves. Then 
we have ({^m (x)}- V-') = ({Km,n(x)}; V-") for every ip G Wo(tIjQ) by the invariance 
theorem (Theorem 3.11 of [22]). Moreover there is a Km,n(x)' € H'j^{XQ{n)L,K{2)) 
such that ({Km,n(x)}i V') = ({'«m,n(x)'}j V") for every as above by Lemma 5.15. 
Let C C Ao(n) x Ao(n) denote the correspondence which is the composition of the 
uniformization map tt : XQ{n) E oi Theorem 7.8 and its graph r(7r) C Ex Ao(n) 
considered as a correspondence from E to Xo{n). Then the endomorphism J(G) : 
•^o(rt) — > Jo(tt) induced by C is equal to d{E)TE where d{E) is a non-zero rational 
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number and Te G T(n)(8)Q is a projection operator. Moreover we have Te{^e) = 4>e 
therefore 

h{E, m)L{E, q-^)C^{E, x)' =({'Cm(x)}, <t>E) 

= ({'«m,n(x)'},(/'E) 

= ({Km,n(x)'},rB(,^B)) 

= {TE{HmA'X)'}AE) 

=a!(i?)-l({a(«;m,n(x)')},0ij) 

using the self-adjointness of the operator Te with respect to the Petersson prod- 
uct in the fourth equation and Lemma 5.12 in the last equation. By the invari- 

ancc theorem (Theorem 3.11 of [22]) the harmonic form {C*(^m,n (x)')} is equal to 
{7r*(Km,n(x)')}deg(uB) where 7r*(Km,„(x)') € H]^{El,K{2)) is the push-forward 
of 

Km,n(x)' with respect to the unifomization tt : Xo{n) — > E. Hence we have 

LiE,q-')C^{E,xy = ^^^^){^*i^r.Axymcl^E,<l>E) 

by the definition of theta functions. As the Petersson product is positive definite 
restricted to Hoin, Q) the claim is now obvious. □ 

8. The action of certain correspondences on K2 

In this chapter the notation used will be somewhat independent of the one used 
in the rest of the paper. 

Notation 8.1. Let Z be a prime number and for every scheme S on which I is 
invertible let 

denote the etale Chern class map. Let i be a field complete with respect to a 
discrete valuation and let O denote its valuation ring. Assume that the residue 
field of O is a finite field of characteristic p ^ I. Let X — > Spec(O) be a fiat, 
regular, proper and semi-stable scheme over Spec(C') such that its generic fiber X 
is a smooth, geometrically irreducible curve over Spec(L). Let Y denote the special 
fiber of X and let 

d:Hl,{X,Q{2))-.H)^iY,Qa)) 

denote the boundary map furnished by the localization sequence for the pair (X, Y). 

Lemma 8.2. For every element k € Q(2)) such that 02,2(2;) = we have 

d{k) = 0. 

Proof. Let R denote the ring of global sections of the sheaf of total quotient rings 
of Oy- Since the residue field of any closed point y of F is a finite field, the 
homomorphism 

J* : H]^{Y,q{l)) ^ i/X,(Spcc(i?),Q(l)) = R* ®Q 
induced by the natural map j : Spec(i?) ^ F is injective. Let 
ci,i : i?* ® Q ^ Hlt{Spec{R),Q{l)) 
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be the connecting homomorphism of the long cohomological exact sequence at- 
tached to Kummer's short exact sequence. Let tt : Y ^ Y he the normahzation 
of Y, and let Div(y) denote the group of divisors on Y. Since the homomorphism 
R* Div(y ) which assigns to every r G R* the divisor of w* (r) has a finite kernel 
and the group Div(y) is a free abelian group, the intersection nneN(^*)' finite. 
Hence the homomorphism Ci_i is injective. Therefore for every k € H'^(X,Q{2)) 
we have d{k) = if the equation ci^i o j^, o d{k) = holds. Let K be the function 
field of the curve X and let i : Spec(_ft') —>■ X he the generic point. The claim now 
follows form the fact that the diagrams: 

ffXi(^.Q(2)) FXi(Spec(/f),Q(2)) R*^Q 



and 



Hj^{Y,Q{l)) R*^Q 

are commutative, where the symbol d denote the respective localisation map ev- 
erywhere in the diagrams. □ 

Notation 8.3. For every smooth, projective, geometrically irreducible curve Z 
defined over a field K let Jac(Z) denote the Jacobian of Z, as usual. Moreover for 
every correspondence C C Z x Z let 

a:ifX.(^,Q(2))^if^(Z,Q(2)) 

and 

J{C) : Jac(Z) ^ Jac(Z) 

denote the endomorphisms induced by C on {Z, Q(2)) and Jac(2'), respectively. 
Let L and X be as in Notation 8.1 and let C C X x X be a correspondence. 

Lemma 8.4. We have C2,2(C*(fc)) = for every k G Hj^{X, Q{2)) if the endo- 
morphism J{C) is zero. 

Proof. Let X denote the base change of X to the separable closure L of L. Note 
that there is a Hoschschield-Serre spectral sequence: 

W{G^mL),Hi,(X,Qi{2))) ^ H:P{X,Qi{2)). 

Because ifO (X,Q,(2)) = Q,(2) and H^t{X,Qi{2)) = Qi{l) we have 

H\Gal(L\L),H°,(X,Qi{2))) = = H°{Gal(L\L),Hl(X,Qi{2))) 

by local class field theory. In particular = = for the spectral sequence 
mentioned above. Moreover H^{Gal{L\L),M) = for every Gal(i|i)-module M 
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hence E^'° = 0. Therefore we have E^^ = E^''^ = H\Gal{L\L), H^{X, Qi{2))) and 
so there is an isomorphism: 

ix : Hl{X,qi{2)) ^ H\G^\{L\L),H\X,qi{m- 

Let _ _ 

Ti{C) : H\X,qi{2))) ^ H^(X,Qi{m 

be the endomorphism of H^{X,Qi{2))) induced by C. The map Ti{C) induces a 
homomorpism on cohomology: 

Ti{C), : H\G^\{L\L),H^{X,qi{2))) ^ H\G^\{L\L),H^{X,qi{2))) 

by functoriaUty. Then we have the foUowing commutative diagram: 

HUX,m)) HUXM{2)) H\GsA{L\L),H\XM{2))) 

C.[ C.[ T,(C).| 

ffXi(X,Q(2)) Hl{XM{2)) H\Gal(L\L),H\X,Qi{2))). 

Since we have H'^(X,Qi{2)) = i?i(Jac(X), Qi(2)) the map Ti{C) is zero when the 
endomorphism J(C) is. In this case Ti{C)* is also zero, so the claim is now clear. 
□ 

Notation 8.5. As in the introduction, let F denote the function field of X, where 
the latter is a geometrically connected smooth projective curve defined over the 
finite field F, of characteristic p. Let Z he a. smooth, projective, geometrically 
irreducible curve defined over F and let C C x Z be a correspondence. Assume 
that Z has a flat, regular, proper and semi-stable model 3 — > ^ over X. 

Proposition 8.6. Assume that the endomorphism J{C) is zero. Then for every 
k G ff^(Z,Q(2)) the element C<,{k) G i?^(.Z,Q(2)) lies in the image of the natural 
map ifX,(3,Q(2)) ^ i?Xi(Z,Q(2)). 

Proof. For every closed point x oi X let 3a; denote the fiber of 3 at x. By the 
exactness of the localisation sequence it will be suflicient to show that the image of 
C*(fc) under the boundary map: 

5:FXi(^>Q(2))-J?Jw(3x,Q(1)) 

is zero for every x as above. But this follows at once from Lemmas 8.2 and 8.4 
applied to the base change of Z to the completion of F with respect to x. □ 
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